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Abstract
Working with the known equation of Binet, a mathematical expres-
sion was obtained for the gravitational force produced by a gravitational
field which source is spherically symmetrical (Schwarzschild’ s space-time).
Such expression uses a redefinition of the classical reduced mass; in the
limit case, can be reduced to Newton’s Universal Law of Gravitation, and
it is similar to some other expressions obtained in recent years.
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1 A Historical Introduction
The obtention of an expression for the gravitational force was rst published
in 1687 in the well known book Philosophiae Naturalis Principia Mathematica
[1], in which Newton, using his three laws, deduces [2] an expression according
to which the intensity of gravitational attraction is proportional to the product
of the interacting masses and decreases to the square of the distance between





where G is the constant of universal gravitation, M and m the source and the
test particle masses respectively, r the distance separating the bodies and u^r
a versor in radial direction. As everyone knows, with this set of laws Newton
satisfactorily explained the movement of planets and the other celestial bodies,




Even though Newton’ s gravitation theory gave a good explanation of orbital
phenomena happening in the heavens, with time, observations demonstrated
that certain discrepancies that could not be adequately explained did exist.
After Newton, Laplace and Poisson rewrote the gravitational law, giving it a
both mathematical and physical more elegant formalism, but which still did
not solve the aforesaid discrepancies. In fact, in 1895 Simon Newcomb, after
numerous attempts to nd a solution to the problem, suggested that perhaps the
Newtonian law of the inverse square \is inexact when applied on short distances"
[3]. It is with the release of Einstein’ s theory of general relativity (TGR) in
1915 when our conception of gravitational phenomena radically changed. This
theory is able to account for the discrepancies that we have been talking about,
particularly, the one which turned out to be one of its most notorious predictions:
Mercury’ s perihelionshift. Additionally, TGR demonstrated that, in the low
velocity limit relative to the speed of light and in presence of weak gravitational
elds, it was equivalent to Newton’s gravitation theory.
The new theory, for the sake of a covariant expression (universal principle
of covariance) of physical laws, does not use Newton’s formulation based on
forces, which arbitrarily depends on the selected coordinate system to describe
the phenomenon, but instead uses tensor eld equations which expressions are
independent from the chosen coordinate systems. In this way, this equations,
called Einstein’s Field Equations (EFE), satisfy the theoretical need to express
a covariant law of gravitation in the TGR. As we know, in tensor notation and





where Gµν is Einstein’s tensor, c the light’s speed and Tµν is the energy-
momentum tensor. The way this equation relates geometry (left side) with
physics (right side) is the reason why the TGR is often called "geometrody-
namics". However, to get the EFE’s solution means to solve, in the general
case, ten second-order partial dierential equations, a tiresome work even with
today’s constant advances in the computation processors’ technology. This is
an important reason because, unless physical conditions demands TGR (speeds
close to the speed of light and strong gravitational elds), Newton’s gravitation
law is still commonly used as a perfectly valid theory.
In recent years the exploration of non-relativistics schemes to calculate as-
trodynamics eects has become more and more active (see for example the
references of Wangs quantum-corrected newtonian force [4], the Calura et al.
post-Newtonian planetary equations [5] or the Jemenkos Gravito-Cogravitism
theory [6]). However, it is important to remind that it is indeed possible [7],[8],[9]
to generalize the notion of force, originally dened in a 3d-space, in order to be
able to use it in TGR’s 4d-space (Minkowski’ s force). For the case of the obten-
tion of a gravitational force generalized to a 4d-space that includes relativistic
eects, Adler, Bazin & Schier [10] and Weinberg [11] propose interesting pro-
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cedures worth consulting. However, it is also possible to nd an expression for
a gravitational force of this kind beginning with a given solution of the EFE
and the use of an equation which possesses -as equation (2) does- a geometro-
dynamical character: Binet’s equation. This procedure is briefly described in
the following pages.
2 Movement of a Test Particle in a Gravita-
tional Field
We are interested in the study of a test particle placed in a gravitational eld. In
any advanced Mechanic’s text [12], [13], [14], it is possible to nd the procedure
to obtain Binet’s equation:
d2u
dθ2




where u = 1/r, µ = (Mm)/(M + m) is the reduced mass, and h = r2 _θ (the dot
means a classical time derivative) is the angular momentum per mass unit and
F is the force involved. Thus, this equation relates the orbit’s geometry (left
side) to the particle’s dynamics (right side). As long as the orbit is given, the
force that determines it can be obtained and vice versa.
Now, if F is given by Newton’s Universal Gravitation Law, which means, if




[1 + e cos(θ)] (4)
where A = G(M +m) , e = Ch
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A (eccentricity) and C is an integration constant.
For the relativistic case, it is rst necessary to solve the EFE for certain
physical conditions. To make it simpler, a static and spherically symmetrical
mass distribution is going to be taken as the source of the gravitational eld.
Under these conditions, from (2), Schwarzschild’ s solution [15] is obtained, and

















is called geometrical mass or gravitational radius.
From the study of the geodesics obtained from (5) it results that the trajec-
tory followed by the test particle in the discussed gravity eld is given, using a
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rst-order perturbation method and after some simplications, by







is the perturbation parameter, a very small quantity, and ~h is the relativistic
angular momentum per mass unit.
Note the similarity between equations (7) and (4). From this relativistic
result Mercury’s perihelionshift can be obtained, whereas with (4) this eect
does not appear. Note also that (7) must be equal to (4) when  = 0 , obtaining






3 Gravitational Force from the Schwarzschild´s
Metric
Having already noticed that equation (7) contains relativistic information (in
fact, it is a solution of the EFE) and that it is precisely an orbital equation, we
can, from a mathematical point of view, introduce it into Binet’ s equation (3),
obtain the corresponding force F and study the physical consequences of it all.
We would like to know how should the force’s expression be on (3) in order
for (7) to become its solution. Thus, let us rewrite (3) in this way:
d2~u
dθ2




where ~u = 1/r and ~µ has been written instead of µ (the reduced mass) because
we do not know if, in such a procedure, the denition of reduced mass remains
unaltered.
From (8), (9) and (10), after tedious calculations and neglecting second order
terms in , we obtain:









We must now require that as long as  ! 0 , our ~F ! −GMmr2 , doing this
we can nd that
~µ =
Mmr
(M + m)(6mg + r)
(12)
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which, as we shall see, is some kind of \generalized reduced mass\.









~h2r2 (c2r + 6MG)
(13)
where we can see in the second term the relativistic angular momentum per mass
unit ~h = r2 _θ (here the point indicates a derivative with respect of proper-time)
as a quotient, something we can correct if we, considering low speeds related to
the speed of light, make:
~h = V r (14)








c2r4V 2 (c2r + 6MG)
(15)
which now stands only in terms of known classical variables and constitutes the
force we were looking for.
If we wish to express the force ~F in (15) as a function of r alone, without
the orbital velocity V of the test particle, we proceed as in the classical scheme:
given that we are working with a classical force, we assume Newton’s laws are






















c6r4 − 12MGc4r3 − 144M2G2r2 − 216M3G3r (19)
Substituting (17) in (15) we nally nd the desired expression for ~F as a
function of r alone.
4 Analysis and Concluding Remarks
Interesting results have been obtained. First, we have the desired expression for
the gravitational force (15), the Schwarzschilds Force from now on, including
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relativistic eects and which, in strong elds, diers from Newton’s Law of
Universal Gravitation. Figure 1 shows this dierence for a Sun-Mercury kind
system at very small distances from the source. Note that this is in accord
with Newcombs idea [3]. Certainly, when we come near the source, the eld’s
intensity increases, and it is precisely at this moment when the relativistic eects
contained in the second term of the Schwarzschilds Force are notorious. The
asymptotically behaviour of the expression (15) is in perfect agreement with the
predictions of Newton’s gravitational law (1) as it might have been expected.
The Schwarzschilds Force, for weak elds, is also in perfect concordance
with the predicted general relativity correction to Newtonian gravitational mo-
tion (see references [10], [16]; the r−3 corrective potential can be derived from










(remember that, for example, in the Sun case: mg = 1.4766 km), and the
Schwarzschild Force has an explicit r−4 term.
Naturally, from (15) is possible to nd the perihelionshift advance, so that it
can help to show, just via classical mechanics, this important result of gen-
eral relativity. Bearing this in mind, it is also illustrative to compare the
Schwarzschilds Force with the results of the Gravito-Cogravitism approach
to nd the periastron advance [18]: the total gravito-cogravitational force has a
roughly similar r−4 dependent term.
On the other hand, we also have obtained the interesting equation (12) that is
a mass depending on the separation between the interacting bodies and which, in
the weak elds limit (small mg), turns into the known expression for the reduced
mass of a two bodies system. Also observe that the same asymptotic behaviour
occurs when the bodies’ separation is quite large (Figure 2). The origin of (12)
can be attributed to the fact that the eects spawned from space-time curvature
in TGR have been transfered, into the present scheme, in the variation of this
generalized mass with respect to the interacting bodies’ distances.
As we have mentioned at the introduction, equation (10) possesses a geometro-
dynamical character in the sense that it relates the test particle’s trajectory
(geometry) to the force (dynamics) acting on it. Note too that (12) is present
in the denominator of the dynamical member of (10): from this we can deduce
that as long as we approach the source, the eects on the geometrical member
become increasingly notorious, meaning that the trajectory will progressively
dier from the one predicted by Newton’s law of gravitation. Examples of this
are Mercury and Icarus because of their nearness to the Sun.
Despite this discussion is out of scope of the present paper, it is important
indeed to remind that the second term in equation (15) is positive, so it tends
to compensate the Newtonian term as the eld becomes stronger. One then can
ask: can the Schwarzschilds Force nulls itself? and where does it happen? Is
it possible that it is of repulsive nature? If it is so, under which conditions?
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Finally, we want to point out that more detailed future investigations are
necessary to explore all the wealth of this eld; this method possesses a great
deal of conceptual value, because it shows the way to describe purely relativistic
eects through the use of a completely classical scheme. Moreover, it is gen-
eral: given a trajectory predicted in a relativistic setting, it can be obtained a
corresponding gravitational force "only" expressed in classical notions.
Acknowledgments
The authors want to thank the invaluable help of Professor Zigor Mu~noz and
Mr. Javier De La Hera in the preparation of the paper. Also, the stimulating
comments of Dr. Jose Fermin and Dr. Tony Viloria showed helpful in the
development of the investigation.
References
[1] Isaac Newton, Philosophie Naturalis Principia Mathematica (Editorial Tec-
nos, S.A., Madrid, 1987), p .
[2] Ibidem, pp. 80-82.
[3] David Layzer, Construccion del Universo (Prensa Cientica-Biblioteca Sci-
entic American, S.A., Barcelona, Espa~na, 1989), p. 214.
[4] Zhen Wang, "Calculation of Planetary Precession with Quantum-
corrected Newtons Gravitation", http://arXiv.org/abs/quant-ph/9804070
(1998); Zhen Wang, "Calculation of the Deflection of Light Ray
near the Sun with Quantum-corrected Newtons Gravitation Law",
http://arXiv.org/abs/quant-ph/9906053 (1999).
[5] Calura, M. et al., "Post-Newtonian Lagrange Planetary Equations",
http://arXiv.org/abs/gr-qc/9708057, (1997).
[6] Jemenko, O.D., Causality, Electromagnetic Induction and Gravitation,
Electret Scientic Company, 1992.
[7] Steven Weinberg, Gravitation and Cosmology (Jhon Wiley and Sons, Inc.,
USA, 1972) pp. 31-33.
[8] Ray d’ Inverno, Introducing Einstein’ s Relativity (Clarendon Press, Ox-
ford, 1992), p. 130.
[9] Ronald Adler, M. Bazin & M. Schier, Introduction to General Relativity
(McGraw-Hill, USA, 1975), 2nd Edition, pp. 335, 340.
[10] Ibidem, pp 205-207.
7
[11] Steven Weinberg (ibid.), pp.70-73.
[12] Jerry Marion, Dinamica Clasica de Sistemas y Particulas, (Editorial Re-
verte, S.A., Espa~na, 1998), 2da Edicion.
[13] G.R. Fowles, Analytical Mechanics (Holt, Rinehart and Winston, Univer-
sity of Utah, USA, 1977), 3rd Edition.
[14] H. Cabannes, Mecanica General (Montaner y Simon, S.A., Barcelona,
Espa~na, 1969).
[15] Schwarzschild, K., \On the Gravitational Field of a Mass Point According
to Einstein’ s Theory", http://arXiv.org/abs/physics/9905030 (Transl. By S.
Antoci, A. Loinger (1999) from Sitz. Preus. Akad. Wiss., Phys.-Math.,1916,
189-196), (1999).
[16] Goldsetin, H., Classical Mechanics (Adison-Wesley, London, 1980), 2nd
Edition, p. 511.
[17] Ch. Misner et al., Gravitation, (Freeman, San Francisco, California, 1973),
p. 668.
[18] C. J. de Matos and M. Tajmar, "Advance of Mercury Perihelion Explained












100000 200000 300000 400000 500000 600000
r
